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Abstract

Prandtl’s (Uber die Entstehung von Wirbeln in der idealen Flussigkeit, mit Anwendung auf die Tragfliigeltheorie und andere
Aufgaben, Springer, Berlin, 1922) self-similar vortex sheets are characterized by unsteady flow around an exponential spiral
with an invariant shape. Discussions in the literature show that Prandtl's solutions are not well-posed for the behavior of the
vortex strength at infinity. This discussion is continued here by analyzing the flow at infinity. To introduce a length scale, firstly
the flow around an exponential spiral with a finite length is derived. In the limit for infinite spiral length, Prandtl’s equations are
recovered, but now include the flow properties at infinity. The flow requires a description in a multi-branched Riemann surface.
In a 2-D representation the flow is discontinuous across the branch line. In the limit for the infinite spiral, this discontinuity
moves to infinity. Therefore, the Prandtl spirals cannot be described as a 2-D flow.
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1. Introduction
1.1. Similarity solutions for rolled-up 2-D vortex sheets

The roll-up process of two-dimensional, semi-infinite vorseets has been modelled by many researchers using similarity
solutions of the formr ~ ™ £(6), wherer andé are the polar coordinatesthe time andn and f(6) the unknowns. Kaden [1]
derived a solution for a sheet behind an elliptically loaded wing. The vortex sheet rolls up in a spiral, of which the turns become
more and more circular near the kernel. The time constant for this solutiend2/3, giving r ~ (1/9)2/3. The Kaden type
of spirals has been reproduced for vortéests created by non-elliptic wing loadis, by numerical calculations as well as
by experiments. Saffman [2] identifies two families of similarity solutions for two ranges. &for m > 1/2 the solutions are
spirals like the Kaden spiral, with almost circular turns near the kernel. For the narg/2 equi-angular spirals ~ " &
are found by Prandtl [3] and Alexander [4]. These spirals have the same shapedpagpdirt from the scale. The physical
interpretation of Prandtl’s class of spirals is not clear. The evolution of vortex sheets of the Kaden as well as Prandtl type is
discussed in detail by Kiichemann and Weber [5], Mangler and Weber [6] and Saffman [2]. More recently, Prandtl’s self-similar
vortex sheets have been analyzed by Kambe [7] and Kaneda [8]. Kambe has shown that, although Prandtl's exponential spiral
vortex sheets satisfy local conditions (expressed by the Birkhoff—Rott equation) the similarity solutions are not well-posed
for the behavior of vortex strength at infinity. This reason for this is that the circulation per unit length diverges at infinity.
Kambe's conclusions are confirmed by Kaneda who generalized Alexander’s solutions to a family of analytical solutions of
double-branched spiral vortex sheets in which the spirals themself are allowed to move.
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1.2. Prandtl’s self-similar spirals

Prandtl [3] published the potential flow solution for a class of two-dimensional, semi-infinite, rolled-up vortex sheets, of
which the shape is invariant in time. Prandtl distinguishes two types of flows. The first type concerns flows in which the spiral
keeps its shape but moves as a whole (‘&hnlich verandedimtvrding to Prandtl). The time dependent complex potejptial

a+ip
X (t,2) =cz2m*1<i) , @

tm

wherey (t,z) = @(t,z) +i¥ (¢, z), @ the potential functiony the stream functiorg = r df the complex coordinate andhe
time. The constants, m, « andg are to be determined. The second type concerns unsteady flows in which the spiral has a fixed
position (‘kongruent veranderlich’), defined by:

x(t,7) = ct?" 12 HB, 2

Form = 0 both types become identical. Expressed in polar coordiriatésthe shape of the sheet is given by Prardt!:

T'spiral = ei%esmral» (3
which is shown in Fig. 1. The spirals are semi-infinite by which no length scale is involved.

The constants: and 8 are determined by Prardtnd others by applying the kineatic and dynamic boundary condition
(no cross flow, no pressure jump across the sheet, conservation of vorticity). This is repeated in Appendix A. The kinematic
boundary condition is easily derived for all, resulting in the requirement (A.5) far: sin(2r«) = 0. The dynamic boundary
condition can be evaluated analytically only far= 0, leading to the requirement (A.l]d.2 + B2 — 20 = 0. With known
«a and B the constant is also determined by the dynamic conditioneRdnder [4] extended Prandtl’'s solution far= 0,
a= % B= —%ﬁ to other values of the ratig/8 and to multi-branched spirals. These spirals and the associated flow remain
unchanged by a rotation of the coordinates through an angle aV2whereN is the number of branches. Eq. (1) still holds
for this case, withV entering the solutions far and 8. Table 1 presents the parameters of all possible analytic solutions of (1)
and (2) for single-branched spirals with a fixed position. The inclination ahiglelefined as the angle between the normal and
the radius vector from the centre, see Fig. 1.

Fig. 1. The complex-plane, with the semi-infinite exponential spirak= fIV3 (Eqg. (3), witha = % B=— 1\/5). The inclination angle
5§ =30°.

1 The orientation of Prandtl's spiral is opposite to that shown in Fig. 1. Therefore he found a positive vsiud tiervalues in Table 1 and
the text are according to the orientation in this paperincreasing radius for increasing polar angle.
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Table 1
The constants defining the solutions of (1) and (2)fos 0

o B ) c

1 1 1473
Prandtl [3] 3 —-3/3 30 217 ST
Alexander [4] 1 -1 45 %

1 1 2 1473

Alexander [4] L —-3v/3 60° e

1.3. Interpretation problems of Prandtl’s spirals

For the spirals with a fixed position, the time derivative of the potential (2) can be writtéry g8 = (2m — 1)x/t.

Consequently, all kinematic quantities, like the vortex sheet strengtid the circulation™, behave similarly, so:
881} =(2m — 1)% for spirals with a fixed position 4

for any spiral positiors. Consequently, the circulation increases to infinite values. Prandtl as well as Smith [9] explain this by
stating that the spiraling vortex sheet@amates continuously from the trailing edgeanfaerofoil. This source of vorticity is not
modelled in Prandtl’s analysis. Consequently, the spirals have the special property that the total circulation is time-dependent,
while the conservation of vorticity is satisfied at all positions along the spiral.

A topic which is not discussed so far, is the non-periodicity of the flow in the polar @andgebstitution of* = 6 + 2x
in (1) or (2) givesy (, z*) = €27 (@=F) y (¢, ), yielding the same flow field but multiplied by the complex const&ftig—#).
This implies a rotation about an angle@ as well as a scaling with a factor & so the potential is single-valued for only
one full turn of@. The potential becomes single-valued for all turns (branches)when these branches are coupled by a
Riemann surface: a two-dimensional but multi-branched surface like an Archimedes- or corkscrew for which eerhase
of 6 results in a position at a new branch of the spiraling surfie.5, which will be discussed in Section 2.2, is an example
with two branches shown. A plane 2-D representation of only onéu2n of 6 implies the definition of a branch line, which
marks the transition to the adjacent branches. Multi-valued flowslike = In z show a discontinuity in flow properties across
the branch line. The interpretation problem of the Prandtl spirals is that the flow is non-periodic and at the same time satisfies
all boundary conditions.

The analysis in this paper adresses the conditions at infinity and the non-periodicity, and is entirely kinematic. Since the
dynamic boundary conditiois not used and the kinematic properties oftbtytpes of spirals are similar, a unified complex
potentialw is defined for both flow types. With substitution D& z/¢™ in (1), the expressions (1) and (2) become equal:

x5 ="t (), 5)
w(@) = cz* TP, )
7=z for the fixed spiral @)
7= tim for the moving spiral. (8)

All kinematic quantities are determined by (6)—(8), expressed in the coordinkatehe remainder of this paper the complex
potential (6) is used as basis for the analysis. All results need to be converted through (5), (7), (8) to be applicable for both spiral
types.For simplicity, the symbol ™ is omitted in the remainder of this paper.

To define flow properties at infinity, the flow induced by an exponential spiral with finite length is determined. Then the limit
for infinite spiral length is taken to recover Prandtl’'s formulation. In this way a length scale is introduced, which is absent in
Prandtl’'s analysis. This length scale enables the derivation of the flow conditions at infinity.

2. Thepotential flow solution for exponential spirals of finitelength
2.1. The similarity between the flat plate flow and the spiral flow
Alexander [4] mentions the similarity between the flow around a semi-infinite flat plate and the flow around the semi-infinite

exponential spiral. We define the flat plate flow in thelane, Fig. 2, and the spiral flow in theplane, Fig. 3. Indeed the
transformation:

ZoHriﬁ — ;2 9
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Fig. 2. The complex;-plane: the flow around a flat plate.
The streamlines shown correspond to the following values of
the streamfunction, which is non-dimensionalized with the
plate half-width and the undisturbed velocity: = 0.01, 0.2,
0.4,0.6,0.8.

Fig. 3. The spiral with finite length in the-plane, witha = %

B= —%\/ﬁ. The dashed line is the branch line in the Riemann
surface.

maps the flat plate flow into a spiral flow, as will be shown. Assume a finite flat plate with leragtth undisturbed velocity/q
perpendicular to the blad&hen the complex potential is:

2
w(©) =i c2- (3)" (10)

Substitution of the transformation (9) yields the flow in taplane defined by the complex potential:

) b\2
w(z) =iUg za+'ﬁ—<§) ) (11)

For small|z| or largeb the complex potential (11) can be written as a series expansion with respect:to

b, 1z0HE 1 2eHp) b 1. 1 -
)=—-Upz|1—- = — = e = CL TN 12
w 02[ 20/22 "8 2P ] 0[ 2T 5° 3 (12)
Apart from the constant term which can be omitted, the first term in (12) indeed equals the complex potential (6). This semi-
infinite-spiral-flow appears to be the first relevant term in the series expansion of the finite-spiral-flow with respéctgp
comparison with (12) the constain (6) is expressed in terms of the parameters that define the length and time scale:

Uo
=, 13

; (13)

C
2.2. The finite spiral flow

First the shape of the finite spiral is derived. Witk= p &% andz =ré?, the mapping (9) becomes:
7o e—ﬂ@ ei(a9)+ﬂ|nr — ,02 eiZ(p, (14)
or:

(@? 4 B2)0 =2(=BInp + ag), (15)
(@?+p2)Inr =2(+alnp + By).

The horizontal axis in the-plane, defined by = nx, n integer, is transformed to the spiral:

repiral =€ (@/P) Cspirai—2n7 /@) (16)
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The shape is characterized by the inclination adgbeing the angle between the normal and the radius vector from the centre,
see Fig. 1:

§= arctar(— %) 17)

The position of the edge is given by substitutionost b/2, ¢ = nw in (15):

20/(a®+8?)
b 2., 02
redge= (E) 1B/ (@ +52). (18)
—2B/(e®+p%)
b 2nmwa
6 =In| = —_ . 19
edge n<2> +a2+ﬁ2 (19)
Forn = 0, this simplifies to
b\ 2@=1B)/(@*+p?)
Zedge n=0 = (§> . (20)

The edge of the spiral carries a suction force, equivalent to the suction force at the edge of the flat plate, see Appendix B.
The length¢ of the spiral is, fom = 0:

eedge 2, p2
Qremioan\ 2 2 2 s p\ 20/ (@"+B)
_ 2 spiral o o _ o
fn=0= / Jrspiral_l—(despiraI) des"'ra"V“(E) ’e“ge_V”(E) <5> ' @D
—0o0

Eq. (16) shows that (9) is multi-valueg: = 0 yields the spirakspira = €~ (*/#)%iral whereasy = 27 yields repiral =
e~ (@/P)Ospira—47/2) This can be summarized as:

4
[§00 <e<(po+ 2n)]§ corresponds t{eo <0< (90 + —JT)] (22)
o
Z
with
[ro < rspirai< roe™**/7]... @3)
The expression for the conjugate velocity is:
3 i ig),a+iB—1
w@) _ U (o +iB)z (24)

0z 02 /zo+iB —(b/2)2.

With (17) rewritten as:

i(a@+ip) = a2+ p2€° (25)

and substitution of (20), (24) becomes:
at+ip j(6—7/2)
ow(z) _ UOé /a2+ﬁ2 (z/zedge € .

0z 4 /1 — (Z/Zedgéa-i—iﬂ 4

This describes the velocity at each positioisince the mapping (9) is multi-valued, this also holds for (26). As an example, the
flow pattern of the spiral with an inclination angle of°3@x = % B= —%ﬁ) is shown in Fig. 4. This flow pattern is derived

using the analytical solution for the flat plate flow streamlines given by Lamb [10], and the transformation (9). We assume
b/2 =1, so the edge position is given by (283gge= 1, fedge= 0- Expression (22) shows that each perigds 6 < 6g + 27

in the z-plane is the transformation of one quadrant of ghglane. Fig. 4 shows the flow, being the mapping of the flow in the
guadrants in the-plane defined by-7/2 < ¢ < 0 (right part) and & ¢ < /2 (left part). The mapping of the other quadrants

in the ¢-plane gives identical results but reduced by a scale factﬁr/g, as follows from (18). Fig. 5 shows a 3-D view on

the flow pattern on the two turns of the Riemann surface. The branch line is the spiral and its continuation (dashed line). The
streamlines correspond to the streamlines in Fig. 2. Coming from lakgdues, all streamlines follow the convex side of the

spiral, turn around the origin and continue along the other spiral side. After crossing the branch line in the left part of Fig. 4,
they continue in the right part (in Fig.this branch line is the traiton from the upper to the lower turn). The streamline with

¥ = 0.01 is difficult to distinguish in the left part; it almost coincides with the convex side of the branch line and spiral, turns
around the origin and continues along the concave side. The streamline crosses the branch line while turning around the spiral
edge to the convex side of the spiral in the right part. There it turns again around the origin and finally does not follow the spiral
contour any more.

(26)
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¥ - 001,02,04,06,08 { Y= 001
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¥=0.2

Fig. 4. The flow around the spiral= /Y3 with finite length. The flow is the mapping of the half-planex{ 0) of the flat plate flow in Fig. 2.

The left part corresponds toQ¢ < /2, the right part to-7/2 < ¢ < 0.

0.01

Fig. 5. Three-dimensional representation of the spiral flow on two turns of the Riemann surface, for the finite Iengt’rmsp‘t’r/al/é. The
upper turn (light grey) is the left part of Fig. the lower turn (dark grey) the right part.
2.3. The vorticity distribution
The spiral position at which the velocities on both sides of the sheet is determined is denogggapd hese sides are

denoted by+ and— as shown in (A.2) and Fig. 1. The quant'(lz;gpirayzedga“”ﬂ in (26) is evaluated as:
(27)

. a+ip
(“L‘fa') _ eOspirarbeaod(—(@?+6D)/B)
Zedge/ +
Zep a+ip Zepi a+ip
< sp|ral> _ ( spual) 276 cog2na).
Zedge/ — Zedge/ +
Both expressions are real. Consequently, the velocity at both sides of the sheet is:
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e(espiral—eedgé (—(@2+8%)/B)

(28)

(vx + ivy)_’_ — UOB [a? + ,32 e(a/ﬂ)espiralei(espiral'f‘ﬂ/z_ls) ,
4 \/1 _ e(espiral—eedgé(—(a2+ﬂ2)/ﬂ)

. b . . _ (espiralfgedgé(*(0‘2+ﬁ2)//3) —21 2
(v +ivy)— = Upzy/@? + B2 &(@/B)bspial g Osprart7/2-) __© € Troodme) (29
\/1 _ e(espiralfeedg(-‘)(*(‘YZJF,BZ)/*Ig) 278 coq2ra)

From the complex exponential powers in the right-hand sid@®f &nd (29), it is clear that the velocities are tangential to the
sheet when the square root argument in the denominator is positive.
The vortex sheet strengjhequals the difference in velocity at either side of the sheet:

—2
y = Up2Ja? 1 2 eCspirar—tecgd (—(e?+52)/) e(a/mespiral[ e 2" coq2ra)
4 \/1 _ e(espiralfgedgé(*(0‘24‘/32)//3) e—2np cos2ra)
. } (30)
/1 — eOspira—becigd (—(@+42)/5)

The total circulation” (Ospira) = [y d¢ at the part of the spiral fat < Ospiral IS, @analogous to (21):

Ospiral
5 O
I’ (Ospira) = y/ 1+ (%) / ¥ Tspirald0. (31)
—0Q

Using A(0) = e(0—fedsd (—(@*+89)/8) and the substitution of (25), the circulation is given by:

A (Gspiral)

I"Gusira) = —T b e~ 278 cog2na) 1 ]
spiral = =703 , V1—Ae2Bcog2na) V1-A4A

_ Uog (6727F cox2ma) — 1) espirafecgd (—(@*+2)/), (32)
For Ospiral= fedge the total circulation becomes:
TIentire spira— Uog (e—Znﬂ cos2ra) — 1), (33)
which shows thaf” is finite, despite the singular behaviorjphear the edge of the spiral.
2.4. Conditions at infinity

The flow at infinite distance from the spiral is described by (11), when the limjtfes oo is taken:

w(z) ~ iUoz("‘J“”B)/2 for |z| — oo. (34)
The velocity is given by:
i 2 2
3“8’@ ~iU% J; 1B _(@+i-2/2 Uo#r(aﬂ)/Zef(ﬁ/Z)G dE+H(@=2/204B/210) for 12| 5 00, (35)
Z

The absolute value of the velocity varies with the radiuke (©=2/2, Sincea < 3/2, see Table 1, the velocity always
decreases with increasing radius. For increasitiae velocity increases like ¢f/2¢ (with 8 always negative). Therefore, the
magnitude of the velocity depends on the turn of the Riemann surface in which the flow is considered.

3. Thelimit for infinite spiral length

In Section 2.1 it was shown that the limit for infinite spiral length recovers Prandtl’s solution, with the cand&etatmined
asUg/b. The spiral lengtht is related tab by (21), so for the spiral solutions in Table 1:
U, .
c=—2 with @ = +/3,v/2, 1 for § = 30°, 45°, 60°. (36)

a
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Expressed irf, the complex potential (11) can be written as a series expansion with resgect equivalent to (12):

al 1 i 1 i
V= Up| -5 4 et = 2etip) 37
w(z) 0[ > Tt PRk (37
with a given by (36). The semi-infinite-spiral-flow appears to be the first relevant term in the series expansion of the finite-
spiral-flow with respect té 1.
For the finite length spiral, the circulation up to a certain arigjfa) is given by (32). With the spiral lengthas reference
length instead ob and substitution of (19), the circulation becomes for any

P Ospirad =222 (672" cos2na) — 1) epral -~ H#3/f) (38)

which is the same expression as derived by Prandtl.

For finite values ofJ/g the complex potentiab and cirulation/” tend to zero for increasing spiral lengthThe explanation
for this is the following: the region around the origin of the spiral in Figz & zedge is the mapping of the region around the
flat plate origin in Fig. 2. Fop/(b/2) — 0, the flow becomes stagnant, and so does the flow ip-filane for|z| /¢ — 0. Only
when the undisturbed velocityg increases wittt, this is avoided. The ratio = Up/(af) has fixed values since the dynamic
boundary condition determinelse admissible values af(see Table 1). In all cases an infinite valudgf is required to avoid
the trivial solution ofw — 0 for £ — oo.

The character of the flow remains unchanged whes oo: the flow is non-periodic i and requires a Riemann surface
to be described consistently. The associated flow discontinuity across the branch line, when a 2-D representation is used, still
exists but is moved to infinity. For fixed values @fthe circulation at infinity becomes infinite. This confirms the findings of
Kambe [7] and Kaneda [8], that the flow solution is ill-posed at infinity.

4. Conclusions

The flow induced by an exponential spiral with a finite lengttan be described only on a multi-branched Riemann surface.
In a single-branched 2-D plane, the flow is discontinuous across that part of the branch line that is the continuation of the spiral.
The self-similar spiral flows of Praltl are recovered when the lengttof the finite spirals becomes infinite. These flows
need to be described on a Riemann surface. The flow discidgtamross the branch line is moved to infinity. When expressed
in the 2-D plane, the continuity equation at infinity is not satisfied. This could explain why no physical interpretation of this
spiral flow is found so far.
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Appendix A. Theboundary conditionsfor Prandtl’s spirals
A.1. The kinemic boundary ondition

Prandtl derived that the shape of his spirals with fixed position is given by:

rSLil’al — e—(a/ﬂ)espiral. (A_l)

tm
With each side of the spiral denoted #yand— as shown in Fig. 1, the polar coordinates are:

rSLil’al — e—(a/ﬂ)espiral — r_+ — r__
tm o gm’

04+ = Ospiral (A.2)
60— = Ospiral+ 27.

By substitution of this in (1), the complex potential at the spiral becomes:

. . a+ip
[‘pspiral(f, )+ ilﬂl’spiral(f, Z)]+ = Ct2m_1|:rsLlral elesf’"a'i| =cr?m—1 e(—(a2+/52)//5)95pira|, (A.3)

tm
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and:
[®spiral(?, 2) + ¥spirallt, 2)]_ = o121 g~ (@) B)ospiral 2B g2mar (A.4)

At the + side, the streamfunctio® appears to be zero for any of the constants:, « and 8. For the sheet to be a stream
surface, the value of at the minus side must have the same value. This is possible only Wfénigreal, so when:

sin2ra) =0 (A.5)

is satisfied. Apparently the kinematic condition is not distinctive for the determination of the constanasd 3.
A.2. The dynamiboundary conttion for m =0
The dynamic boundaryondition is analyzed, using theuter equation in the form:

0P 1
V(=—+p +v?)=0 A6
( or TPt 3N ) (A6)
in which @ is the real part of (1) witm =0, andp’ is the pressure divided by the fluid density. Since the flow is irrotational
outside the vortex sheet, (A.6) is valid in the entire flow field except at the vortex sheet. Integration across the sheet yields the
differenceA = ()— — ()+. The sheet is force-free and cannot carry a pressure pNmprT herefore the pressure term in the
left-hand side vanishes, so integration of (A.6) across the sheet gives:

A(% + %MZ) =0. (A7)
The unsteady potentig equals Réy), with x given by (1) withm = 0, so:

2—? = —ct?Re(z* M) = —et 72 P cogBInr + a). (A.8)
The kinematic pressur%|v|2 equals:

%|v|2 = %czt_z(az + p2)r2e—D 289, (A.9)
Combining (A.2) with (A.8), (A.9) yelds for the dynamic boundary condition:

S(a? + p7) (1— &) e (X2 P (1 — 27 cog2nar). (A.10)

Any set of constants, g, ¢ that make this equation independen®gfira constitutes a valid solution. Independencydgfiral
requires thatr andg satisfy the following conditions:

a?+ B2 —2a=0. (A.11)

Together with the condition (A.5), the admissible valuesa @nd 8 can be calculated. The constarih (2) is then determined
by (A.10).
Appendix B. Theedge singularity of thefinite spiral

The singular flow around the edge of the spiral (11) induces a suction fgrg&zen by Blasius theorem:

1 dw(t, 2)\ 2 B UVZ(p\2 ,  (2/zedge®@HB) g@—m)
Fx —IFy— EI % ( 0z > dZ— ?(E (Ol +,3 ) % (Il—(z/zedgao‘Jriﬁ 22 )dz (Bl)
dge edge

The transformation™® = (z/zedge)““ﬁ yields:

ei(ZS—n) 2 dz*

o UB(BN?, 5 i
Beoiby=g\3) @+ )T $ 1= (82
edge

which shows that* =1, orz = zedge iS @ single pole in the integrand. The Cauchy integral theorem then gives for the integral
211 /zedge After substitution of (25) the forcen the singularity finally becomes:

b/2)? |
Fx+iFy=—%U§,/a2+ﬁ2 (/2" Geggetn/2-9), (B.3)

T'edge
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The force on the singularity appears to be tangent to the spirakatqge See Fig. 3. The suction force is the equivalent of the
suction force at the flat plate edge.
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